
𝒂,𝒃(𝒂 > 𝒃)

Εὐκλείδης

𝒙 𝑏

𝑥 =
𝑏

𝑭(𝒂, 𝒃) 𝑎 𝑏.

𝟏𝟓𝟎 ÷ 𝟏𝟎𝟖 = 𝟏,𝑹 = 𝟒𝟐 𝟏𝟓𝟎 = 𝟏 ∗ 𝟏𝟎𝟖 + 𝟒𝟐
𝟏𝟎𝟖 ÷ 𝟒𝟐 = 𝟐, 𝑹 = 𝟐𝟒 𝟏𝟎𝟖 = 𝟐 ∗ 𝟒𝟐 + 𝟐𝟒
𝟒𝟐 ÷ 𝟐𝟒 = 𝟏, 𝑹 = 𝟏𝟖 𝟒𝟐 = 𝟏 ∗ 𝟐𝟒 + 𝟏𝟖
𝟐𝟒 ÷ 𝟏𝟖 = 𝟏, 𝑹 = 𝟔 𝟐𝟒 = 𝟏 ∗ 𝟏𝟖 + 𝟔
𝟏𝟖 ÷ 𝟔 = 𝟏, 𝑹 = 𝟎 𝟏𝟖 = 𝟑 ∗ 𝟔 + 𝟎

𝟏 + 𝟏 = 𝟐 (𝒇𝟏 + 𝒇𝟐 = 𝒇𝟑)

𝟏 + 𝟐 = 𝟑 (𝒇𝟐 + 𝒇𝟑 = 𝒇𝟒)

𝟐 + 𝟑 = 𝟓 (𝒇𝟑+𝒇𝟒 = 𝒇𝟓)

𝟑 + 𝟓 = 𝟖 (𝒇𝟒+𝒇𝟓 = 𝒇𝟔)

𝒇𝒏−𝟐 + 𝒇𝒏−𝟏 = 𝒇𝒏

𝒇𝒏

=
𝟏

𝟓
 𝟏 + 𝟓

𝟐

𝒏



𝒂 𝒃 𝒂 > 𝒃 > 𝟎
𝒃 𝒂, 𝒃

𝒙 =
𝑭 𝒂,𝒃

𝐭𝐡𝐞 𝐝𝐢𝐠𝐢𝐭𝐬 𝐨𝐟 𝒃
= 𝟓 (𝒃,𝒂) = 𝒇𝟔, 𝒇𝟕 , 𝒇𝟏𝟏, 𝒇𝟏𝟐 , 𝒇𝟏𝟔, 𝒇𝟏𝟕 = 𝟖, 𝟏𝟑 , 𝟖𝟗,𝟏𝟒𝟒 , (𝟗𝟖𝟕,𝟏𝟓𝟗𝟕)

𝒂 = 𝟏𝟑, 𝒃 = 𝟖

①13 = 1 ∗ 8 + 5 = 𝑓7 = 𝑓6+ 𝑓5

②8 = 1 ∗ 5 + 3= 𝑓6 = 𝑓5+ 𝑓4

③5 = 1 ∗ 3 + 2= 𝑓5 = 𝑓4+ 𝑓3

④3 = 1 ∗ 2 + 1 = 𝑓4 = 𝑓3+ 𝑓2

⑤2 = 2 ∗ 1 + 0 = 𝑓3 = 𝑓2+ 𝑓1

↑ gcd 8,13 = 1

𝑥 =
𝐹 13,8

the digits of 𝑏
= 5

𝒂 = 𝟏𝟒𝟒,𝒃 = 𝟖𝟗

①144 = 1 ∗ 89 + 55= 𝑓12 = 𝑓11+ 𝑓10

②89 = 1 ∗ 55 + 34= 𝑓11 = 𝑓10+ 𝑓9

③55 = 1 ∗ 34 + 21= 𝑓10 = 𝑓9+ 𝑓8

④34 = 1 ∗ 21 + 13= 𝑓9 = 𝑓8+ 𝑓7

⑤21 = 1 ∗ 13 + 8 = 𝑓8 = 𝑓7+ 𝑓6

⑥13 = 1 ∗ 8 + 5 = 𝑓7 = 𝑓6+ 𝑓5

⑦8 = 1 ∗ 5 + 3= 𝑓6 = 𝑓5+ 𝑓4

⑧5 = 1 ∗ 3 + 2= 𝑓5 = 𝑓4+ 𝑓3

⑨3 = 1 ∗ 2 + 1 = 𝑓4 = 𝑓3+ 𝑓2

⑩2 = 2 ∗ 1 + 0 = 𝑓3 = 𝑓2+ 𝑓1

↑ gcd 89,144 = 1

𝑥 =
𝐹 144,89

the digits of 𝑏
= 5

𝟏𝟎𝟎 − 𝒍𝒐𝒈𝟏𝟎
𝟏

𝟓

𝒍𝒐𝒈𝟏𝟎
𝟏 + 𝟓

𝟐

− 𝟏 = 𝟒𝟖𝟎. 𝟏 − 𝟏 = 𝟒𝟕𝟗

𝒙 =
𝒏−𝟏

𝐥𝐨𝐠𝟏𝟎
𝟏

𝟓

𝟏+ 𝟓

𝟐

𝒏

+𝟏

𝑎 = 𝑓𝑛+1, 𝑏 = 𝑓𝑛

𝒌 𝒃 𝒂 𝒃

𝒌−𝒍𝒐𝒈𝟏𝟎
𝟏

𝟓

𝒍𝒐𝒈𝟏𝟎
𝟏+ 𝟓

𝟐

− 𝟏 𝒓 𝒓

𝒙 =
𝑭 𝒂,𝒃

𝐭𝐡𝐞 𝐝𝐢𝐠𝐢𝐭𝐬 𝐨𝐟 𝒃
≤ 𝟓

≤ 𝟓
≤ 𝟏𝟎

≤ 𝟓𝟎𝟎? ?

𝒂, 𝒃
𝒂 = 𝒃 + 𝒓𝟏
𝒃 = 𝒓𝟏 + 𝒓𝟐
𝒓𝟏 = 𝒓𝟐 + 𝒓𝟑

:
𝒓𝒏−𝟑 = 𝒓𝒏−𝟐 + 𝒓𝒏−𝟏
𝒓𝒏−𝟐 = 𝒓𝒏−𝟏 + 𝒓𝒏
𝒓𝒏−𝟏 = 𝟐𝒓𝒏 + 𝟎

If 𝒒𝒌 = 𝟏
𝟏 ≤ 𝒌 ≤ 𝒏

𝒒𝒏+𝟏= 𝟐

𝒇𝒏+𝟏 = 𝒇𝒏 + 𝒇𝒏+𝟏
𝒇𝒏 = 𝒇𝒏−𝟏 + 𝒇𝒏−𝟐
𝒇𝒏−𝟏 = 𝒇𝒏−𝟐 + 𝒇𝒏−𝟑

：
𝟓 = 𝟑 + 𝟐
𝟑 = 𝟐 + 𝟏

𝟐 = 𝟐 ∗ 𝟏 + 𝟎



𝟏

𝒍𝒐𝒈𝟏𝟎
𝟏+ 𝟓

𝟐

=

𝟒. 𝟕𝟖 …

𝟏

𝐥𝐨𝐠𝒎
𝟏+ 𝟓

𝟐

𝒙 =
𝑭 𝒂,𝒃

𝐭𝐡𝐞 𝐝𝐢𝐠𝐢𝐭𝐬 𝐨𝐟 𝒃
≤ 𝟓

𝒃

𝒙 = 𝟓 (𝒃, 𝒂) = 𝒇𝟔, 𝒇𝟕 , 𝒇𝟏𝟏, 𝒇𝟏𝟐 , 𝒇𝟏𝟔, 𝒇𝟏𝟕 = 𝟖,𝟏𝟑 , 𝟖𝟗, 𝟏𝟒𝟒 , (𝟗𝟖𝟕, 𝟏𝟓𝟗𝟕)

𝒂 = 𝒇𝒏+𝟏, 𝒃 = 𝒇𝒏 ⇒ 𝒙 =
𝒏−𝟏

𝒍𝒐𝒈𝒑
𝟏

𝟓

𝟏+ 𝟓

𝟐

𝒏

+𝟏

𝒍𝒊𝒎
𝒏→∞

𝒏 − 𝟏

𝒍𝒐𝒈𝒑
𝟏

𝟓

𝟏 + 𝟓
𝟐

𝒏

+ 𝟏

=
𝟏

𝒍𝒐𝒈𝒑
𝟏 + 𝟓

𝟐

𝒙 =
𝒏−𝟏

𝒍𝒐𝒈𝒑
𝟏

𝟓

𝟏+ 𝟓

𝟐

𝒏

+𝟏

𝒏 ≠ 𝟏,𝟐, 𝟔, 𝟏𝟐 𝒍𝒊𝒎
𝒏→∞

𝒏−𝟏

𝒍𝒐𝒈𝒑
𝟏

𝟓

𝟏+ 𝟓

𝟐

𝒏

+𝟏

=
𝟏

𝒍𝒐𝒈𝒑
𝟏+ 𝟓

𝟐

𝒂 = 𝒇𝒏+𝟏,

𝒃 = 𝒇𝒏, 𝒙 =
𝑭 𝒂,𝒃

𝐭𝐡𝐞 𝐝𝐢𝐠𝐢𝐭𝐬 𝐨𝐟 𝒃 𝐢𝐧 𝐭𝐡𝐞 𝐛𝐚𝐬𝐞 𝒎

𝑎 = 𝑓𝑛+1, 𝑏 = 𝑓𝑛
𝑛 𝑏 = 𝑓𝑛 𝑥

𝑥

𝑛

𝒍𝒊𝒎
𝒏→∞

𝒏−𝟏

𝒍𝒐𝒈𝒑
𝟏

𝟓

𝟏+ 𝟓

𝟐

𝒏

+𝟏

=
𝟏

𝒍𝒐𝒈𝒑
𝟏+ 𝟓

𝟐

≒

𝒍𝒊𝒎
𝒏→∞

𝒏−𝟏

𝒍𝒐𝒈𝒑
𝟏

𝟓

𝟏+ 𝟓

𝟐

𝒏

+𝟏

=
𝟏

𝒍𝒐𝒈𝒑
𝟏+ 𝟓

𝟐

≒



𝑓𝑛 =
1

5

1+ 5

2

𝑛

−
1− 5

2

𝑛

Since # of digits of 𝑓𝑛 is 𝑘,
10𝑘−1 ≤ 𝑓𝑛 < 10𝑘

Since 
1− 5

2

𝑛

≒ 0 if 𝒏 is very large,

log10
1

5

1+ 5

2

𝑛

= 𝑘 − 1 …①

Also, from 𝑟 − 1 < 𝑟 ≤ 𝑟

log10
1

5

1+ 5

2

𝑛

− 1 < log10
1

5

1+ 5

2

𝑛

≤ log10
1

5

1+ 5

2

𝑛

…②

From ①②,

log10
1

5

1+ 5

2

𝑛

< 𝑘 ≤ log10
1

5

1+ 5

2

𝑛

+ 1

Thus,

log10
1

5
+ 𝑛 log10

1+ 5

2
< 𝑘 ≤ log10

1

5
+ 𝑛 log10

1+ 5

2
+ 1

𝒌−𝐥𝐨𝐠𝟏𝟎
𝟏

𝟓
−𝟏

𝐥𝐨𝐠𝟏𝟎
𝟏+ 𝟓

𝟐

≤ 𝒏 <
𝒌−𝐥𝐨𝐠𝟏𝟎

𝟏

𝟓

𝐥𝐨𝐠𝟏𝟎
𝟏+ 𝟓

𝟐

𝒂 = 𝒇𝒏, 𝒃 = 𝒇𝒏+𝟏

(𝒂, 𝒃)

𝒎𝒂𝒙
𝑭 𝒂,𝒃

# 𝒐𝒇 𝒅𝒊𝒈𝒊𝒕𝒔 𝒐𝒇 𝒃
=5

𝒂 = 𝒇𝒏 , 𝒃 = 𝒇𝒏+𝟏

𝟖, 𝟏𝟑
(𝟖𝟗,𝟏)

(𝟗𝟖𝟕,𝟏𝟓𝟗𝟕)

𝒇𝟕, 𝒇𝟖 = 𝟏𝟑, 𝟐𝟏
𝒇𝟏𝟎, 𝒇𝟏𝟏 = (𝟓𝟓,𝟖𝟗)
𝒇𝟏, 𝒇𝟐 = (𝟏, 𝟏)

𝟏𝟎𝟖, 𝟏𝟓𝟎
(𝟏𝟓, 𝟒𝟎)

(𝟏𝟎𝟎,𝟏𝟎𝟎𝟎)…etc

𝝋

𝑚𝑎𝑥
𝐹 𝑎,𝑏

# 𝑜𝑓 𝑑𝑖𝑔𝑖𝑡𝑠 𝑜𝑓 𝑏
=5

Find 𝑙𝑖𝑚
𝑛→∞

𝑛−1

log𝑝
1

5

1+ 5

2

𝑛

+1

(proof)

𝑙𝑖𝑚
𝑛→∞

𝑛−1

log𝑝
1

5

1+ 5

2

𝑛

+1

= 𝑙𝑖𝑚
𝑛→∞

𝑛−1

log𝑝
1

5
+𝑛 log𝑝

1+ 5

2
+1

since 𝑟 − 1 < 𝑟 ≤ 𝑟
𝑛−1

log𝑝
1

5
+𝑛 log𝑝

1+ 5

2

>
𝑛−1

log𝑝
1

5
+𝑛 log𝑝

1+ 5

2
+1

≥
𝑛−1

log𝑝
1

5
+𝑛 log𝑝

1+ 5

2
+1
,

𝑙𝑖𝑚
𝑛→∞

𝑛−1

log𝑝
1

5
+𝑛 log𝑝

1+ 5

2

= 𝑙𝑖𝑚
𝑛→∞

1−
1

𝑛

1

𝑛
log𝑝

1

5
+log𝑝

1+ 5

2

=
1

log𝑝
1+ 5

2

…①

𝑙𝑖𝑚
𝑛→∞

𝑛−1

log𝑝
1

5
+𝑛 log𝑝

1+ 5

2
+1

= 𝑙𝑖𝑚
𝑛→∞

1−
1

𝑛

1

𝑛
log𝑝

1

5
+log𝑝

1+ 5

2
+
1

𝑛

=
1

log𝑝
1+ 5

2

…②

From ①,② and, squeeze theorem

𝑙𝑖𝑚
𝑛→∞

𝑛 − 1

log𝑝
1

5

1 + 5
2

𝑛

+ 1

=
1

log𝑝
1 + 5

2

Thus 𝑥 converges 
1

log𝑝
1+ 5

2


